We investigate the Kähler-Ricci flow modified by a holomorphic vector field. We find equivalent analytic criteria for the convergence of the flow to a Kähler-Ricci soliton. In addition, we relate the asymptotic behavior of the scalar curvature along the flow to the lower boundedness of the modified Mabuchi energy.
Introduction
Let M be a compact Kähler manifold of complex dimension n with c 1 (M) > 0. A Kähler-Ricci soliton on M is a Kähler metric ω = i 2 gk j dz j ∧ dz k in the cohomology class π c 1 (M) together with a holomorphic vector field X such that
(1.1)
Alternatively, in coordinate notation, writing Xk = gk ℓ X ℓ , Rk j − gk j = ∇ j Xk.
(1.2) Let Φ t be the 1-parameter group of automorphisms of M generated by Re X. The family of metrics gk j (t) ≡ Φ * −t (gk j ) provides then a solution of the Kähler-Ricci flow, gk j (t) = −Rk j + gk j (1.3)
where the evolution in time is just by reparametrization.
If X is the zero vector field then (1.1) reduces to the Kähler-Einstein equation. Kähler-Ricci solitons are in many ways similar to extremal metrics, which generalize constant scalar curvature Kähler metrics and are characterized by the condition that the vector field ∇ i R is holomorphic. Extremal metrics are the critical points of the Calabi functional C(gk j ) = R −R 2 L 2 , whereR is the average of the scalar curvature. A classic conjecture of Yau [Y2] asserts that the existence of constant scalar curvature metrics in a given integral Kähler class should be equivalent to the stability of the polarization in the sense of geometric invariant theory. Notions of K-stability for constant scalar curvature metrics have been proposed by Tian [T] and Donaldson [D1] , and extended to the case of extremal metrics by Szekelyhidi [S1] (see also [M] ). Similarly, the existence of Kähler-Ricci solitons is expected to be equivalent to a suitable notion of stability.
Kähler-Ricci solitons can also be viewed as the stationary points of the modified Kähler-Ricci flow, that is,ġk j = −Rk j + gk j + ∇ j Xk (1.4) which is the flow (1.3) reparametrized by the automorphisms Φ t generated by the real part Re X of the holomorphic vector field X. Similar reparametrizations, in the context of Hamilton's original Ricci flow [H] , had been introduced by DeTurck [DeT] to give a simpler proof of the short-time existence of the flow.
The modified Kähler-Ricci flow appears in the work of as part of their study of the Kähler-Ricci flow assuming a priori the presence of a Kähler-Ricci soliton. They make use of a Moser-Trudinger type inequality from [CTZ] to deduce convergence of the flow in the sense of Cheeger-Gromov. (In the special case where there are no nontrivial holomorphic vector fields, it is known by the work of [P2] , [TZ2] , [PSSW2] that the existence of a Kähler-Einstein metric implies the exponential convergence of the Kähler-Ricci flow to that metric.)
In this paper, we study the long-time behavior of the modified Kähler-Ricci flow without assuming the existence of a Kähler-Ricci soliton. We give analytic conditions which are both necessary and sufficient for the convergence of the flow to a Kähler-Ricci soliton. These conditions are analogous to the ones given in [PSSW1] for the convergence of the Kähler-Ricci flow. As explained in [PS1] and [PSSW1] they can be interpreted as stability conditions in an infinite-dimensional geometric invariant theory, where the orbits are those of the diffeomorphism group acting on the space of almost-complex structures.
We provide now a description of our results. We will assume always that M is a compact Kähler manifold with c 1 (M) > 0 and X is a holomorphic vector field whose imaginary part ImX induces an S 1 action on M. Note that once a maximal compact subgroup G of Aut 0 (M) is fixed, there is a natural choice of such a vector field X (for more details see Section §2.1 below).
First, we define the notion of the Hamiltonian θ X,ω and modified Ricci potential u X,ω . Write K X for the space of Kähler metrics in πc 1 (M) which are invariant under ImX. Given ω = i 2 g kj dz j ∧ dz k ∈ K X we define a real-valued function θ X,ω by
(1.5)
The Ricci potential f = f (ω) is given by
and we define a modified Ricci potential u X,ω by u X,ω = f + θ X,ω .
(1.7)
If M admits a Kähler-Ricci soliton ω ∈ π c 1 (M) with respect to the vector field X, then ω is necessarily in K X and u X,ω = 0. Let gk j (t) evolve by the modified Kähler-Ricci flow and set Y X (t) = M |∇u X,ω | 2 e θ X,ω ω n .
(1.8)
The modified Kähler-Ricci flow starting at ω 0 ∈ K X preserves the Kähler class, and can be expressed as a flow of Kähler potentials. Define 9) which, modulo constants, can be identified with K X . Let ϕ = ϕ(t) ∈ P X (M, ω 0 ) be the solution of the equationφ
Then the Kähler metrics ω = ω 0 + i 2 ∂∂ϕ evolve by the modified Kähler-Ricci flow (1.4). The initial constant c 0 can affect the growth of ϕ for large time, and has to be chosen with some care. We choose it to be given by the value (2.34) described in Section §2 below.
Our first main theorem is a general characterization of the convergence of the modified Kähler-Ricci flow, which shows in particular that if convergence occurs, it always does so at an exponential rate: ( The preceding theorem shows that the growth of Y X (t), or alternatively, of the function R−n−∇ j X j C 0 (t) is key to the problem of convergence of the modified Kähler-Ricci flow. Our next result addresses the behavior of these quantities under a stability assumption. Following [TZ1] , we define the modified Mabuchi K-energy µ X :
(1.14)
To clarify this definition, since R − n − ∇ j X j − Xu = −(∆ + ReX)u X,ω , the integrand is real and thus µ X does indeed map into R. For a proof that µ X (ϕ) is independent of choice of path in P X (M, ω 0 ), see [TZ1] .
We consider the condition:
In [TZ1] it is shown that (A X ) is a necessary condition for the existence of a Kähler-Ricci soliton ω with respect to X. Here we shall establish the following theorem:
Theorem 2 Assume that Condition (A X ) holds, and let ω 0 ∈ K X . Then we have, along the modified Kähler-Ricci flow (1.4) starting at ω 0 ,
(1.15)
Furthermore, for any p > 2, we have
Note that a metric ω ∈ K X satisfies R − n − ∇ j X j = 0 if and only if ω is a Kähler-Ricci soliton with respect to X. However, the convergence of R − n − ∇ j X j C 0 to zero is of course weaker than the convergence of the metrics gk j (t) themselves to a Kähler-Ricci soliton, and this is to be expected, since the condition (A X ) is only a semi-stability type of condition.
Next, we describe another consequence of the condition (A X ). Associated to the modified Mabuchi K-energy is the modified Futaki invariant F X (see [TZ1] ), given by
for a holomorphic vector field Z. The modified Futaki invariant F X is independent of the choice of ω ∈ K X . It follows immediately that F X ≡ 0 is a necessary condition for the existence of a Kähler-Ricci soliton in K X . In the unmodified case, corresponding to X = 0, the condition (A X ) reduces to the condition (A) of lower boundedness of the Mabuchi K-energy. It is then easy to show that (A) implies that the unmodified Futaki invariant F X=0 (Z) vanishes for all holomorphic vector fields Z ∈ H 0 (M, T 1,0 ), by differentiating the functional along the integral paths of Z. We show how to rework this argument to prove the analogous statement when X = 0 (to our knowledge, this result is not in the literature).
Our third theorem shows that (A X ) together with one additional assumption give necessary and sufficient conditions for the convergence of the metrics gk j (t) themselves. Let λ(t) be the first positive eigenvalue of the operator −g jk ∇ j ∇ k acting on smooth T 1,0 vector fields. Namely,
where
) is the space of holomorphic vector fields on M and we are using the natural L 2 inner product induced by g kj (t) on the spaces T 1,0 and T 1,−1 . This quantity was first introduced in the context of the Kähler-Ricci flow in [PS1] . Recall the following condition from [PSSW1] : Since condition (S) is invariant under automorphisms, an immediate consequence of Theorem 3 is that convergence modulo automorphisms implies full convergence. More precisely, suppose that gk j (t) is a solution of the modified Kähler-Ricci flow starting at ω 0 ∈ K X and assume there exists a family of automorphisms {Ψ t } t∈[0,∞) such that Ψ * t (gk j ) converges to a Kähler-Ricci soliton with respect to X. Then gk j (t) converges exponentially fast to a Kähler-Ricci soliton with respect to X.
Finally we discuss in more detail the behavior of Y X (t) which, as can be seen from Theorem 1, is key to the convergence of the Kähler-Ricci flow. The next result provides information on the growth of Y X (t) for the completely general modified Kähler-Ricci flow and brings to light the obstructions to the convergence of the flow.
It is convenient to introduce a quantity λ X which is uniformly equivalent to the eigenvalue λ described above (see Lemma 12 below). Equip the spaces T 1,0 and T 1,−1 with the norms 19) with respect to which they can be completed into Hilbert spaces. Define the eigenvalue λ X (t) by and a constant C > 0, depending only on the initial metric ω 0 so that, for all t ≥ 2N, the following difference-differential inequality holdṡ
Here ∇u X,ω is the vector field g jk ∂ku X,ω , and π is the orthogonal projection, with respect to the norm · θ , of the space T 1,0 of vector fields onto its subspace
We stress that the estimate (1.22) holds in full generality, without any stability assumptions.
The main point of the estimate (1.22) is that certain difference-differential inequalities, while weaker than the standard inequalityẎ ≤ −λY , can still guarantee the exponential decay of Y (t). A key example for our purposes is Lemma 13 below. In view of the estimate (1.22) forẎ X (t), we see that the convergence of the modified Kähler-Ricci flow is related to three issues: (a) The vanishing of the modified Futaki invariant F X ; (b) Whether Y X (t) tends to 0 as t → ∞; (c) The existence of a strictly positive uniform lower bound for λ X (t) (or λ(t)).
The arguments and viewpoint in this paper run closely in parallel to those of [PSSW1] , which deals with the case X = 0. In what follows, we have emphasized only the main changes due to the modified Kähler-Ricci flow and the holomorphic vector field X. Nevertheless, we have tried to make the discussion reasonably self-contained, and taken the opportunity to bring out some estimates for both the Kähler-Ricci flow and the modified Kähler-Ricci flow which hold in all generality, independent of any stability assumption. That is particularly the case for Theorems 1 and 4 above.
In addition, we mention one result used in the proofs of the main theorems which may be of independent interest. Assuming only that the initial metric g kj is invariant under ImX, we have (see Proposition 2 below) We give a brief outline of the paper. In Section §2 we give some background on the modified Mabuchi K-energy and Futaki invariant, prove Proposition 1 and describe the Kähler-Ricci and modified Kähler-Ricci flows. In Section §3 we prove some estimates for the modified Kähler-Ricci flow, which hold in a general setting. The proof of the differencedifferential inequality, Theorem 4, is given in Section §4. Theorems 2, 1 and 3 are then proved in Sections §5, §6 and §7 respectively. Finally, in Section §8 we mention a few further remarks and questions.
2 The modified Mabuchi K-energy, Futaki invariant and Kähler-Ricci flow
The modified Mabuchi K-energy and Futaki invariant
We discuss in this subsection the modified Mabuchi K-energy and modified Futaki invariant and mention two results of Tian-Zhu. From the definition of the modified Mabuchi K-energy,
we see that its critical points satisfy
and hence are Kähler-Ricci solitons with respect to X. Note that after integrating by parts the variation of µ X can be rewritten as
a formulation that will be useful later.
A key result that we will use in this paper is as follows:
Theorem 5 ([TZ1]) If there exists a Kähler-Ricci soliton with respect to
An important property of this invariant is that F X vanishes on the reductive part of 
Theorem 6 ([TZ1]) There exists a unique holomorphic vector field
Note that the condition ImX ′ ∈ Lie G ensures that the imaginary part of X ′ induces an S 1 action on M. In this paper, we do not explicitly take our holomorphic vector field X to be this choice X ′ . On the other hand, it follows from Proposition 1 and the uniqueness part of Theorem 6 that once we fix a maximal compact subgroup G, if condition (A X ) holds and ImX is in Lie G then X = X ′ . Theorem 6 is related to the uniqueness result of [TZ1] for Kähler-Ricci solitons, which we state now for the reader's convenience. If ω, ω ′ are Kähler-Ricci solitons with respect to holomorphic vector fields X, X ′ then there exists σ in Aut
(A X ) and the modified Futaki invariant F X
In this subsection, we give the proof of Proposition 1.
We will first show that F X (Z) = 0 for all holomorphic vector fields Z satisfying
Fix a Kähler metric ω 0 ∈ K X . Write Ψ t for the 1-parameter family of automorphisms of M induced by ReZ. Define ω t and ψ t by
Note that ψ t is defined only up to the addition of a constant, but this will not affect our calculations. Since by assumption Z is invariant under ImX we see that ψ t ∈ P X (M, ω 0 ) and hence µ X (ψ t ) is well-defined. Also,
where here, and henceforth, we are dropping the t subscript.
On the other hand, there exists a complex-valued function θ Z,ω , invariant under ImX, such that
Indeed, all manifolds with positive first Chern class are simply connected so the∂-closed (0, 1)-form Z j g kj dz k must be∂-exact. Since
we can assume without loss of generality thatψ = Re θ Z,ω . Calculate
To go from the 2nd to 3rd lines, we have used the fact thatψ = θ Z,ω − iIm θ Z,ω and
since by the assumption (2.7), Im θ Z,ω is invariant under Im X. Condition (A X ) implies from (2.13) that Re (F X (Z)) = 0. Replacing Z by iZ shows that F X (Z) = 0 for all holomorphic vector fields Z invariant under Im X. Now let Z be an arbitrary holomorphic vector field. Denote by {σ t } t∈[0,2π] the 1-parameter family of automorphisms induced by Im X and define a holomorphic vector fieldẐ byẐ
(2.14)
By the argument above, sinceẐ is invariant under Im X, we have F X (Ẑ) = 0. Then for each t ∈ [0, 2π], 15) using the fact that ω 0 and u X,ω 0 are invariant under Im X. Thus
completing the proof of Proposition 1.
The modified Kähler-Ricci flow
We list now some basic properties of the modified Kähler-Ricci flow. Some result from the fact that the modified Kähler-Ricci flow is a reparametrization of the Kähler-Ricci flow, and the most important is a normalization for the modified Kähler potential ϕ which ensures that sup t≥0 φ C 0 < ∞. We remark that this bound is proved in [TZ2] assuming the existence of a Kähler-Ricci soliton. In our case, we only require the invariance of the initial metric ω 0 under Im X.
Then the Kähler-Ricci flow and modified Kähler-Ricci flow starting at ω 0 are given by 18) respectively. Note that if {Φ t } t∈[0,∞) , Φ 0 = id, is the 1-parameter family of automorphisms of M generated by ReX, then the solutions to (2.17) and (2.18) are related by gk j (t) = Φ * t (gk j ). The Kähler-Ricci flow preserves the S 1 action induced by Im X and so the Kähler formsω(t) and ω(t) lie in K X . In the sequel, we will often drop the t. Also, we will denote byf ,∇ and∆ the Ricci potential (see (1.6)), covariant derivative and Laplacian with respect togk j . Since we are using different notation for solutions of (2.17) and (2.18), and each of these flows can easily be obtained from the other, we will sometimes refer simply to 'the flow' rather than the specific equation (2.17) or (2.18).
Before continuing our discussion of these two flows, we list without proof some known estimates for the Kähler-Ricci flow. The first three statements are due to Perelman [P2] (see [ST] ) and the fourth is due to Zhang [Zha] and Ye [Ye] .
Theorem 7 In the following, all norms are taken with respect to the metricgk j (t).
(i) There exists a constant C depending only on ω 0 such that the Ricci potentialf along the flow satisfies
(ii) The diameters diamg (t) M are uniformly bounded along the flow by a constant depending only on ω 0 .
(iii) Let ρ > 0 be fixed. Then there exists a constant c > 0 depending only on ω 0 and ρ such that for all x ∈ M and all r with 0 < r ≤ ρ we have
where B r (x) is the geodesic ball centered at x of radius r with respect tog kj (t).
(iv) There exists a constant C S depending only on ω 0 such that the Sobolev inequality
holds.
We remark that this theorem makes no reference to the vector field X and indeed does not require the initial metric ω 0 to be invariant under ImX. Moreover, all of the above statements are invariant under automorphisms and hence the analogous statements hold also for the metrics g kj .
We now describe (2.17) and (2.18) in terms of potentials. Defineφ =φ(t) and
where the constantsc 0 and c 0 will be defined shortly. One can check thatω = ω 0 + i 2 ∂∂φ and ω = ω 0 + i 2 ∂∂ϕ satisfy (2.17) and (2.18) respectively. Recall that θ X,ω is the Hamiltonian function defined by (1.5). It is well-known that θ X,ω is well-defined. Indeed, by the same argument as for (2.10), there is a complex-valued function θ X,ω solving X j gk j = ∂kθ X,ω . The equalities
ensure the existence of a real-valued function θ X,ω satisfying (1.5).
Following the conventions of [PSS] (cf. [CT] ) we definẽ
Note that by Theorem 7 we have |∇f | ≤ C and soc 0 is finite. With this choice ofc 0 , there exists a uniform C such that
Before we define c 0 , we will need two lemmas. The first lemma implies that θ X,ω is uniformly bounded along the flow.
Proof of Lemma 1: This result is well-known (see [FM] or [Zhu1] , for example), but for the reader's convenience we outline here a proof. We use the following version of Moser's theorem (which can be easily derived from [CdS] , p.43-44, for example). Write ω 1 := ω ′ ∈ K X . By definition, θ 0 := θ X,ω 0 and θ 1 := θ X,ω 1 satisfy dθ 1 we obtain dΨ * θ 1 = dθ 0 , and hence Ψ * θ 1 = θ 0 +c for some constant c. But from (2.30) we see that c = 0. This implies that θ 0 , θ 1 : M → R have the same image in R. Q.E.D.
Given this lemma we can now prove the following.
Lemma 2 Along the modified Kähler-Ricci flow we have
M |X| 2 e θ X,ω ω n ≤ C. (2.31)
Proof of Lemma 2:
From the definition of the modified Futaki invariant and the definition of θ X,ω we see that
Hence, since F X (X) is independent of choice of metric, we have 33) and the lemma follows from Theorem 7, part (i) and Lemma 1. Q.E.D.
We now define the constant c 0 as follows:
where we recall that u X,ω = f + θ X,ω . To see that c 0 is finite, observe that 35) and hence by Lemma 1 and Lemma 2,
We will end this section by proving a uniform bound onφ. First, we have another general lemma on Hamiltonian functions:
∂∂ϕ ′ , the Hamiltonian functions θ X,ω ′ and θ X,ω 0 are related by: We can now prove:
Lemma 4 There exists a uniform constant C such that along the flow,
Proof of Lemma 4: From (2.17) and (2.18) we obtain
for some constant m(t). Define
Using Lemma 3, we have ∂φ ∂t
for a constant c depending only on time, we have
Integrating this ODE (cf. the argument in [PSS] ) and applying (2.36) shows that 44) or in other words, the average ofφ with respect to the measure e θ X,ω ω n is bounded along the flow. The lemma now follows immediately from the formula (2.39) together with (2.26), (2.44) and Lemma 1. Q.E.D.
Estimates for the modified Kähler-Ricci flow
In this section, we establish the key estimates for the modified Kähler-Ricci flow needed in the sequel. They include the analogues of Perelman's estimates for the Ricci potential and the scalar curvature for the Kähler-Ricci flow, the estimates for the Laplacian of the Hamiltonian function θ X,ω , and a smoothing lemma.
Estimates for the modified Ricci potential
Recall from (2.42) thatφ differs from f + θ X,ω = u X,ω by a constant depending on time. Thus, when computing time evolutions, we have to distinguish between −v and u X,ω , but the difference disappears whenever ∇ is applied. In the last section we established the bound 2) and in this section we will prove the following further estimates for the modified Kähler-Ricci flow.
Proposition 2 Along the flow, the quantities
are uniformly bounded by a constant depending only on the initial data. Here, all norms, covariant derivatives and Laplacians are taken with respect to the evolving metric gk j (t).
These bounds will be obtained using the maximum principle. The proof of this proposition is contained in the following three lemmas.
Lemma 5 We have the following identities along the modified Kähler-Ricci flow:
Proof of Lemma 5: This is a straightforward calculation (cf. [CTZ] ). Q.E.D.
Note that although X is not a real operator on functions on M, the quantities v, |∇v| 2 and ∆v above are all invariant under ImX, and so ∆ + X can be replaced by the real operator ∆ + ReX.
Using these evolution equations we can give a proof of the following lemma.
Lemma 6 There exists a uniform constant C depending only on the initial data such that along the flow,
Proof of Lemma 6: This is a straightforward modification of Perelman's maximum principle argument for the bound of the gradient of the Ricci potential (see [ST] , Proposition 6). Since v is uniformly bounded along the flow by Lemma 4, we may choose a constant B such that v + B ≥ 0. Define
Compute, using Lemma 5,
, the middle term on the right side of (3.5) vanishes and the left hand side of (3.5) is nonpositive. Then
and since v is uniformly bounded, the result follows. Q.E.D.
We can now prove:
Lemma 7 There exists a uniform constant C depending only on the initial data such that along the flow,
Proof of Lemma 7: Since ∇Φ * t ∂φ ∂t = ∇f and |∇f | is bounded by Theorem 7, part (i), the result follows from (2.39) and Lemma 6. Q.E.D.
Lemma 8 There exists a uniform constant C such that along the flow we have
Proof of Lemma 8: First note that |Xv| ≤ |X||∇v| ≤ C by Lemma 6 and Lemma 7. From Lemma 5, part (iii) we have
where we have used the elementary inequality |∆v| 2 ≤ n|∇∇v| 2 . Fix an arbitrary T > 0. At a minimum point of (∆ + X)v on M × (0, T ] the left hand side of (3.9) is nonnegative and hence ∆v is bounded uniformly from below at this point. This gives the lower bound of (∆ + X)v along the flow, depending only on the initial data.
To estimate ∆v C 0 , it suffices to prove a uniform upper bound for (∆ + X)v. This argument is similar to Perelman's estimate of the scalar curvature (see [ST] ). Define
where B is chosen as in the proof of Lemma 6. Compute
Since 1/(v + 2B), |Xv| and |∇v| are uniformly bounded, we have
for uniform constants C 1 , C 2 , C 3 > 0 with C 1 uniformly bounded from below away from 0. By the maximum principle and a similar argument to the one above, we have (∆+X)v ≤ C for some uniform constant C. This gives the estimate for ∆v. Notice that
which is uniformly bounded by Theorem 7, part (i). It follows that ∆θ X,ω is uniformly bounded. Q.E.D.
An L 2 /C 0 Poincaré inequality
Recall that we have the following Poincaré-type inequality on Kähler manifolds (M, ω) with ω in πc 1 (M) (see [F] , or Lemma 2 of [PSSW1] )
Making use of (3.14) together with Theorem 7, parts (i) and (iii) we can prove the following:
Lemma 9 There exists a uniform constant C such that
(3.16)
Proof of Lemma 9:
See Lemma 3 in [PSSW1] . Q.E.D.
A smoothing lemma
The following is an analogue of the smoothing lemma from [PSSW1] (see [B] , [CTZ] for related results.)
Lemma 10 There exist positive constants δ and K depending only on n and the constant C X = sup t∈[0,∞) X C 0 (t) with the following property. For any ε with 0 < ε ≤ δ and any
Proof of Lemma 10: The modified Ricci potential u X,ω evolves bẏ
Indeed, observe that u X,ω differs from −v by a constant depending only on time, so applying part (i) of Lemma 5 gives (3.19) modulo a constant. To determine the constant, differentiate the equation M e −f ω n = V in time and use the relationḟ =u X,ω − Xu X,ω . Define constants c = c(t) byċ =ḃ + c, c(t 0 ) = 0, (3.20)
Moreover, w(t 0 ) C 0 ≤ ε. Now since v and w differ only by a constant, we have from Lemma 5 that
and
We can then modify the argument of Lemma 1 in [PSSW1] to obtain the result. Assume without loss of generality that t 0 = 0. By (3.21), the maximum principle gives w(t)
we have ∇w 25) and estimate, using the inequality (∆w)
We claim that L < 2(1 + C X )e 4 ε 2 for t ∈ [1, 2]. If the claim is false then, at some point (x ′ , t ′ ) ∈ M × (1, 2], when the inequality first fails, we have −(∆ + X)w ≥ (1 + 2C X )e 4 ε. In particular, at this point, ε + ∆w ≤ −ε. It then follows from (3.26) that −∆w ≤ |Xw| ≤ C X e 2 ε, a contradiction, thus proving the claim. Hence, at t = 2, the inequality (3.27) holds on all of M. To obtain the upper bound of (∆ + X)w we evolve the quantity 28) and conclude by a similar argument, after choosing ε sufficiently small, that (∆ + X)w < 2n(1 + C X )e 5 ε at t = 2. Q.E.D.
Remark Note that by the uniform bound of |X| along the flow, we can replace (3.18) in the conclusion of Lemma 10 with
Now we rewrite the integrands of the last two terms in the last line as follows:
where we have used the fact that X j is a holomorphic vector field. But
since u is invariant under Im X and thus we are left with the desired formula (4.4). Substituting this formula and the relation (4.3) in the earlier identity (4.2) gives the identity (4.1).
Once the identity (4.1) is available, the arguments of [PSSW1] apply to give the proof of Theorem 4, with suitable modifications. Write π(∇u) for the orthogonal projection with respect to the norm · θ of the T 1,0 vector field∇u onto the space of holomorphic vector fields. Then
where λ X (t) is the eigenvalue introduced in (1.20). Since π(∇u)
We come now to the proof of the difference-differential inequality for Y X (t) in the statement of Theorem 4. First, observe that
(4.10) This is because the left hand side equals ∇∇u L 2 and the right hand side equals ∆u L 2 , which are readily seen to be equal by an integration by parts. Next, we claim that the last three terms on the right hand side of (4.9) can all be bounded by a constant multiple of
Indeed, since θ is bounded, we can write
where we have applied Lemma 10 to obtain the last line. Note that if (u−b)(t−2) C 0 > ε, for ε as in Lemma 10, then we can still obtain the bound 13) using the uniform estimates of ∇u C 0 and ∆u C 0 . Similarly, (4.14) while the estimate for the remaining term,
is even easier, since |Xu| ≤ |X| · |∇u| ≤ C (u − b)(t − 2) C 0 . Let 0 < ρ := 1/(n + 1) < 1. By the L 2 /C 0 Poincaré inequality and Lemma 10, we can write
We note that these inequalities are homogeneous, in the sense that the sum of the exponents on either side always match. We can thus iterate, and obtain (4.17) with N j=1 δ j + 2(1 − ρ) N = 2. Fix N with 2(1 − ρ) N < 1 and set δ 0 = 1. Since the quantity (u − b)(t − 2(N + 1)) C 0 is bounded by Lemma 4, the statement of Theorem 4 follows from the inequalities (4.9), (4.12), (4.14), (4.15) and (4.17).
Proof of Theorem 2
Theorem 2 follows easily from what we have proved above. Indeed, by (2.3) and (2.42), the variation of the modified Mabuchi energy along the modified Kähler-Ricci flow is given byμ
Integrating in t, we see that condition (A X ) implies:
On the other hand, from (4.2) and the uniform bounds of θ, Xu X,ω , R and ∇ j X j we obtaiṅ
3)
The inequalities (5.2) and (5.3) imply (as in Section §2 of [PS1] ) that Y X (t) → 0 as t → ∞. By the uniform bound of ∇u X,ω C 0 and Lemma 9 we have
Then from Lemma 10 we see that
is established in the same way as part (ii) of Theorem 1 in [PSSW1] . The proof of Theorem 2 is complete.
Proof of Theorem 1
It is convenient to introduce the following fifth condition:
(o) For each k = 0, 1, 2, . . ., there exists a finite constant A k so that
We shall prove the following implications
from which the equivalence of all five conditions (i)-(v), and hence Theorem 1, all follow at once.
(o) ⇔ (iii)
This is the extension to the case of the modified Kähler-Ricci flow of the classical fact that a C 0 estimate for the complex Monge-Ampère equation implies C k estimates to all orders. We present it here, with emphasis only on those points that require additional arguments. We note that in [TZ2] , a different method is used to obtain higher order estimates, involving a modification of the potential ϕ along the flow. We give here a direct proof of the higher order estimates for solutions of (2.23).
The first step is to show that C 0 estimates for ϕ imply second order estimates for ϕ. In this section, for ease of notation, we will useĝk j to denote the original metric g 0 kj , and ∆ for the Laplacian with respect to this metric. As in the original approach of Yau [Y1] and Aubin [A] , we apply the maximum principle to the flow of log (n +∆ϕ) − Aϕ, where A is a large constant to be chosen later. It is convenient to use the formulas obtained in [PSS] for general flows. For this, we introduce the endomorphism
Then n +∆ϕ = Tr h, and we have (see e.g. [PSS] , eq. (2.27))
whereR,Rk j α β are the scalar and the Riemann curvature tensor of the metricĝk j ,ĝ ik is its inverse, and otherwise all indices are raised and lowered using the metric gk j . The last line is non-negative (see [Y1] ), and the second line is bounded below by
For the modified Kähler-Ricci flow, we havê
The new term compared to the Kähler-Ricci flow is −∆θ, which is not yet known to be bounded. To eliminate it, we consider instead the expression (∆ + X − ∂ t ) log Tr h. The main observation is that:
7) whereθ = θ X,ω 0 . To see this, observe that using the fact that X is holomorphic,
Then (6.7) follows from the identity Xϕ = θ −θ.
Hence for the modified Kähler-Ricci flow,
From here, the proof can proceed as before. Set A = C 3 + 1. Since ∆ϕ = −Tr h −1 + n, andφ and Xϕ = θ −θ are bounded by Lemmas 4 and 1, we have
Then at a maximum point (x 0 , t 0 ) of the function log Tr h − Aϕ on M × (0, T ], the quantity Tr h −1 is bounded from above. But from the modified Kähler-Ricci flow equation (2.23) and the fact thatφ, θ and ϕ are bounded, we see that the logarithm of the product of the eigenvalues of h is bounded, giving an upper bound of Tr h(x 0 , t 0 ). Thus, using again the estimate of ϕ C 0 , we obtain a uniform upper bound of Tr h along the modified Kähler-Ricci flow. The positivity of the metric gk j =ĝk j + ∂ j ∂kϕ ensures uniform bounds of ∂ j ∂kϕ along the flow. In addition, from the lower bound of log (ω n /ω n ), we have an estimate gk j ≥ C 5ĝkj , for C 5 > 0, showing that g is uniformly equivalent toĝ along the flow.
We now give the third order estimates. As in [Y1] , set ϕ jkm =∇ m ∂k∂ j ϕ and S ≡ g jr g sk g mt ϕ jkm ϕr st . Again, it is convenient to compute instead in terms of the connection ∇hh −1 , in terms of which we have
From [PSS] eq. (2.48), under any flow, we have the general formula
Next, we specialize to the modified Kähler-Ricci flow. We always have the following formula relating the curvatures of two metrics gk j andĝk j
For the modified Kähler-Ricci flow, we have
(6.14)
Thus we obtain (6.16) Clearly, the terms ∇ m ∇ β X α and ∇ j Xk on the right hand side of the previous two equations are the only changes due to the modified Kähler-Ricci flow. Using then the equation (2.51) for the Kähler-Ricci flow in [PSS] , we obtain immediately the following formula (6.17) where the terms (I)-(V) are due to the modifications arising from the holomorphic vector field X, and given explicitly by
Because of the presence of the connection in e.g. ∇γX m = g αγ ∇ α X m , the first covariant derivatives of X m are of order O(S 1 2 ), and hence
The second covariant derivatives of X m can be expressed as follows
The first term on the right hand side is again of order O(S 1 2 ). The second term can be bounded by |∇(∇h h −1 )| since |X| is bounded. Thus we can write
Putting this all together, we obtain the following estimate for the flow of S in the modified Kähler-Ricci flow,
By the method of [Y1] , we can control terms of order O(S) using the evolution equation for Tr h. However, we will need an additional argument to deal with the quantity S|∇X| which is of the order O(S 3/2 ). Since |X| is uniformly bounded along the flow, we have
We define a constant K = 65 sup M ×[0,∞) (|X| 2 + 1) and compute the evolution of the quantity S/(K − |X| 2 ). Combining (6.22) and (6.23) we have
We will use the good first and second terms on the right hand side of this inequality to deal with the bad third and fifth terms. We estimate the third term as follows:
For the fifth term, observe that:
Combining all of the above, we obtain
(6.27)
But from the computation for the second order estimate, we have (6.28) and so applying the maximum principle to the quantity S/(K − |X| 2 ) + 3C 13 Tr h it follows that S/(K − |X| 2 ) and hence S is bounded.
Remark Instead of computing the evolution of S/(K −|X| 2 ), an alternative is to compute the evolution of the tensor
Indeed one can prove that:
for uniform constants B 1 and B 2 . Combining this with the evolution of Tr h gives an upper bound of |T | and hence |∇X| along the flow. This implies that the term S|∇X| is of order O(S) and one can proceed in the usual way to bound S.
In order to apply the standard parabolic estimates to obtain the higher order estimates, we require a derivative bound of gk j in the t-direction (cf. [Ch] , for example). Given the estimates proved so far, it is sufficient to bound |Ric(g)|. The evolution of the Ricci curvature along the modified Kähler-Ricci flow is given by
Then given the estimates on Tr h and S, we have
But from the computations above for the evolution of S, there exist uniform constants C 16 , C 17 with C 16 > 0 such that
Then by applying the maximum principle to the quantity |Ric(g)| + 1 C 16 (C 15 + 1)S we obtain the desired upper bound on |Ric(g)|.
We have now established uniform parabolic C 1 estimates for the metric g kj along the flow. One can now obtain the higher order estimates in the usual way. We differentiate the equation (2.23) in space, making use of Lemma 3, and then apply the standard parabolic estimates (se [L] , for example) together with a bootstrapping argument.
(o) ⇒ (iv)
The remaining implications are all straightforward adaptations of arguments in [PSSW1] , so we shall be brief. It is convenient to formulate the following lemmas:
where λ is a strictly positive constant, and ν j ≥ 0 satisfy 1 2 N j=0 ν j = 1. Then there exist constants C, κ with κ > 0 depending only on K 0 , K 1 , λ, N, ν j so that
Proof of Lemma 11: See Section §5 of [PSSW1] . Q.E.D.
Lemma 12 There exist constants c 1 , c 2 > 0 depending only on the complex manifold M and the holomorphic vector field X such that for all ω ∈ K X , 
Proof of Lemma 13: We apply Theorem 4. Under conditions (a)-(c), the differencedifferential inequality given there, together with Lemma 12, implies that Y X (t) satisfies a difference-differential inequality exactly of the type formulated in Lemma 11. The desired inequality follows then from this lemma. Q.E.D.
Returning to the proof of (o) ⇒ (iv), assume that (o) holds, that is, all norms ϕ(t) C k are uniformly bounded in time for each k. Then there exists a sequence of times t m → ∞ such that ϕ(t m ) converges in C ∞ to an element ϕ(∞) of P X (M, ω 0 ). Since the modified Mabuchi K-energy µ X is decreasing along the modified flow, it follows that for any time t, 36) and hence µ X is bounded below along the modified flow. Using this, one can see that the limit metric gk j (∞) must be a Kähler-Ricci soliton with respect to X (c.f. the proof of Theorem 2). Theorem 5 then establishes condition (A X ). Next, we claim that Condition (S) is also satisfied, that is, the eigenvalues λ(t) are bounded below by a strictly positive constant λ. Otherwise, let ϕ(t m ) be a subsequence with λ(t m ) → 0. It contains a subsequence ϕ(t ℓ ) such that the corresponding metrics gk j (t ℓ ) converge in C ∞ to a Kähler-Ricci soliton gk j (∞) with respect to X. In [PS1] , it was shown that λ(t ℓ ) → λ(∞) if gk j (t ℓ ) → gk j (t ∞ ) and the dimensions of the holomorphic vector fields of the complex structures for gk j (t ℓ ) and gk j (∞) are the same. In the present case, the complex structures of gk j (t ℓ ) and gk j (∞) are the same, so we do have λ(t ℓ ) → λ(∞). Since λ(∞) > 0 by definition, we obtain a contradiction. Condition (S) is established.
The existence of a Kähler-Ricci soliton with respect to X implies that (a) in Lemma 13 holds and condition (A X ) gives (b) by Theorem 2. Since (c) in this Lemma is the same as (S), Lemma 13 applies, and (iv) is established.
(iv) ⇒ (ii)
Assume that (iv) is satisfied, and thus Y X (t) is rapidly decreasing. Then Lemma 9 implies that u X,ω − b C 0 ≤ C e 
(iv) ⇒ (v)
Assume (iv). We have already seen that (iv) implies (ii), which implies in turn (iii), which is equivalent to (o). Thus all metrics gk j (t) are equivalent with uniform bounds in t. The same arguments as in [PS1] , applied with straightforward modifications to u X,ω = f + θ X,ω instead of the Ricci potential there, show that u X,ω (s) converges exponentially fast to 0 with respect to any Sobolev norm s. It follows easily from there that gk j (t) converges exponentially fast to a Kähler-Ricci soliton gk j (∞).
Since all the remaining implications in (6.2) are trivial, the proof of Theorem 1 is complete.
Proof of Theorem 3
It is now easy to prove Theorem 3. If the modified Kähler-Ricci flow converges to a Kähler-Ricci soliton with respect to X then, by Theorem 5, Condition (A X ) is satisfied. Furthermore, as part of the proof of the step (o) ⇒ (iv), we have seen that the uniform boundedness of ϕ(t) C k for each k implies that Condition (S) is satisfied. Thus it remains only to establish the sufficiency of (A X ) and (S) for the exponential convergence of the Kähler-Ricci flow.
The arguments are now practically the same as in the proof of the implication (o) ⇒ (iv) earlier. By Proposition 1 and Theorem 2, (A X ) implies (a) and (b) of Lemma 13. In addition, (S) gives condition (c). Thus we obtain the exponential decay of Y X (t), that is, Condition (iv) of Theorem 1 is satisfied. But Theorem 1 implies then the exponential convergence of the modified Kähler-Ricci flow to a Kähler-Ricci soliton. Q.E.D.
Further remarks and questions
(1) As mentioned in the introduction, our results imply that if a metric ω 0 is invariant under the S 1 action induced by the imaginary part of a holomorphic vector field X then along the Kähler-Ricci flow starting at ω 0 , the quantity |X| 2 is uniformly bounded. We remark that an immediate consequence of this is that if M and the initial metric are toric then g kj (t) is bounded from above on compact subsets of the interior of the polytope ∆ ⊂ R n . Of course, the case of the Kähler-Ricci flow on toric varieties is by now already well-understood by the work of Zhu [Zhu2] (see also [WZ] , [TZ2] ).
(2) An obvious question is: what other notions of stability correspond to the existence of a Kähler-Ricci soliton on M? By Theorem 2 we see that, assuming condition (A X ), the L 2 norm of the quantity (R − n − ∇ j X j ) tends to zero along the Kähler-Ricci flow. Is there a natural analogue of the Calabi energy and a version of Donaldson's result [D2] giving 'semi-stability' in this case?
(3) If one assumes uniform curvature bounds along the modified Kähler-Ricci flow then, in a similar vein to [PSSW2] and [S2] , one would expect convergence of the flow to a soliton if the modified Futaki invariant F X vanishes and an addition stability assumption holds, such as: condition (S), condition (B) of [PS1] , or a modified version of K-stability. 
